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Abstract. We extend some results by Gol'dshtein, Kuz'minov, and Shvcdov 
about the L p -cohomology of warped cylinders to L Pi9 -cohomology for p ^ q. 
As an application, we establish some sufficient conditions for the nontriviality 
of the Lp j(J -torsion of a surface of revolution in terms of some Hardy constants. 
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1. Introduction 

Let M be a Riemannian manifold. For 1 < p < oo and a positive continuous 
function a : M — > R, denote by L J p (M, a) the Banach space of measurable forms of 
degree j on M with the finite norm 

\\uj\\ Lj M = J {/mI^M 2 ^} ifl<P<oo, 
I esssup,,. gM \ui(x)\a(x) ifp = oo. 

Here dx stands for the volume form of M and |w(:r)| is the modulus of the exterior 
form w(x). In the usual way, we also define the spaces L p j oc (Af). 

Denote by D^(M) = C ( J ' J ' (M) the space of smooth forms of degree j on M 
having compact support included in IntM. A form ip £ Lj^ c (M) is called the 
(weak) differential dcu of u> G j oc (M) if 

■ Adu = J ipAu 

u 

for every orientable domain U C IntM and every form u G D dun 1 (Af ) having 
support in U. 
Put 

Wi q (M,aj,a j+1 ) = Li(M,aj) \ du; e V q +1 {M, a j+1 )}. 
The space W^ q (M, o^, <7j+i) is endowed with the norm 

If p = q then it is often more convenient to consider the equivalent norm 

Denote by V^j q (M, dj, a-j+i) the closure of D^(M) in the norm of W£ q (M, aj, Cj+i)- 



Supported by INTAS (Grant 03-51-3251), the Specific Targeted Project GALA within the 
NEST Activities of the Commission of the European Communities (Contract No. 028766), 
the State Maintenance Program for the Leading Scientific Schools of the Russian Federation 
(Grant NSh 8526.2006.1). 



1 



2 



ip.Q-COHOMOLOGY OF WARPED CYLINDERS 



Given an arbitrary subset A C M, let Wi q (M ) A ) <Tj,(7j+i) be the closure in 
Wj!, q (M,tjj,crj + i) of the subspace spanned by all forms ui € WZ „{M,aj,(Tj + \) 
which vanish on some neighborhood of A (depending on u). 

Let Z^(M, cTj) be the subspace in W£ q (M, <Xj) that consists of all forms to such 
that du> = and let 

B> ,(M, o-j-i.oi) = {0 G o-j-.o-j) | - for some V e W^~ 1 (M, a^ u a. 

The spaces 

and 

where B pq {M } Uj-\,aj) is the closure of B p q (M,o-j-i,<jj) in L q (M,aj) (equiva- 
lently, in q (M,Oj,Oj) are called the jth L pq -cohomology and the jth reduced 
L p q-cohomology of the Riemannian manifold M ™£/i weights o~j-\ and <jj. The 
quotient space 

will be referred to as the L Pyq -torsion of M with the given weights. Clearly, the 
space Tpi q (M, Cj-i, Cj) is isomorphic to the closure of the zero in H^ q {M, cTj-x, <Xj). 
Given a subset A C M, the relative nonreduced and reduced L pq -cohomology 

spaces H^ q (M, A, (Jj-i, <Xj) and i? p 9 (M, A, (Tj_i, o^) are defined like 
W p jM, A, aj^aj) = Z{{M, A, a^/B^M, A, a^a,) 

and 

H P . q (M, A, (Tj-uai) = Z{{M, A, a^/B^JM, A, cjj-i,^), 

where the relative spaces Z^(M, A, cij) and B p q (M, A, Oj-i , <Jj) are defined as their 
absolute analogs above with the spaces Wl q (M,aj,aj + i) and W^~ 1 {M,aj-\ 1 (jj) 
replaced by Wl q (M, A, <jj,aj + i) and W^~ 1 (M, A, aj-i,aj). 

For p — q, we write the subscript p instead of p,p throughout. If the weights 
involved in the definition of the corresponding space are equal to 1 then they will 
be omitted. 

The spaces W p . q and L Pig -cohomology were introduced at the beginning of the 
1980's by Gol'dshtein, Kuz'minov, and Shvedov 0i|10|, who obtained 
many results concerning Wp jl? -forms and especially Lp-cohomology. Later L p q - 
cohomology was considered in [ITJ [12j [14] . 

In this paper, we, following [21 [10], look for conditions of the nontriviality of the 
Lp g -cohomology and L Pi9 -torsion on warped cylinders, a class of warped products 
of Riemannian manifolds. By the warped product X X/ Y of two Riemannian 
manifolds (A, gx) and (Y, gy) with the warping function f : X — > R+ we mean the 
product manifold 1x7 endowed with the metric gx + f 2 (x)gy. If X = [a,b[ is 
a half-interval on the real line then X x f Y is referred to as the warped cylinder. 
The study L2-cohomology of warped cylinders was initiated by Cheeger [SJ. 

The structure of the article is as follows. In Section[2J we adapt the results of [TU] 
about the L p -cohomology of a half-interval to the case p ^ q. After that, using 
these L Pi9 -results, in Section [3[ we prove a partial L p ^-generalization of Theorem 1 
of [10] about the L p -cohomology of a warped cylinder [a, b[x fY depending on the 
analytic properties of the function /. As an application, we obtain an extension of 
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the necessary condition for the triviality of the L Pjq -torsion of a surface of revolution 
in M. n+2 [T3] from the case p = q to arbitrary p,q such that | — A < 

2. Weighted L Pi9 -Cohomology of a Half-Interval 

Consider a half-interval [a, b[, — oo < a < b < oo and positive continuous func- 
tions Vq,Vi : [a, b[— > K. For 1 < p,q < oo, the space Wp q ([a,b[,vo,vi) can be 
identified with the space of the functions g G L p ([a,b[,vo) whose weak derivative 
g' G L q ([a,b[,vi). As above, endow Wp q ([a,b[,vo,vi) with the norm 



6 \ VP 



b \ 1/9 

\g'(t)\ q v$dt 



\\9\\w° it3 ([a,b[,Vo,vi) - 

From the classical Sobolev Embedding Theorem it follows that the functions of 
the class W° \ q ([a, b[, vq, vi) are continuous on [a,b[. Consider also the space 

W° q ([a, b[, {a}, v , «i) = {/ G W° q ([a, b[, {a}, v , v x | /(a) = 0}. 

We have 

H\ >q ([a, b[, v , ui) = W\ ([a, b[, v 1 ,v 1 )/dW° q ([a, b[, v , Ui); 
H p, q (i a , b[, {a}, v , vi) = W q ([a, b[, {a}, v x , Vx)/dW^ q {[a, b[, {a}, v , Vi). 

The spaces H p J[a, b[, Vq, v i) and H pq ([a, b[, {a}, vq, v\) are described similarly. 
We call the following assertion the lemma about the Hardy inequality [TJ [9] [18] : 

Lemma 1. Suppose that 1 < p, q < oo, | + ^ = 1, a, (3 G [—00,00], l a ,p is the 
interval with endpoints a and (3, vq and v\ are continuous positive functions on 
I a ,f3- Then for the existence of a global constant C such that 







P 


i/p 




1/9 


r 

J a 


v (t) f g(t)dt 

J a 


dr 


< c 


/ \ Vl {t)g{t)\ q dt 

J a 





it is necessary and sufficient that Xp,qi a : Pj v 0t v i) < 00 • 
Here 

i/p 



Xp, q (a,P,v ,vi) 

ifp > q; 

Xp,q{u,f3,V ,Vl) - 



sup 



\v a (t)\ p dt 



\vi(t)r q dt 



1/9' 



\vi (t)\- q dt 



p-1 



\v (t)\ p dt 



\vi(t)\-« dr 



ifp < q. 

Ifp = 1 {q' = 00) then the corresponding integral must be replaced by ess sup. 

The constant Xp,q( a i vq, v±) will be referred to as the Hardy constant 
The following lemma was proved in 10J for p = q and vq = v±. The proof given 
in [TO] holds for different p and q and different vq and V\ . 

Lemma 2. Suppose that a, (3 G [—00, 00], Vq, v\ : I a> p — > R are positive continuous 
functions, and Xp,q{&if3, Uo,i>i) = 00. Then there exists a nonnegative function h 
such that 











P 




/ vl{t)h q {t)dt\ 

J a 


< OO, 


/ «g(r) 

J a 


[ h(t)dt 

J a 


dr 


= 00 



4 Lp.q-COHOMOLOGY OF WARPED CYLINDERS 

As in [10], Lemma 2 yields the following assertion. 

Theorem 1. If vq, v\ are positive continuous functions on [a, b[ and 1 < p, q < oo 
then 

(!) H p, q (l a , b l {«}> v o, vi) = Xp,«(a, 6 , "0, «i) < oo; 

( 2 ) ^^(KM^o-fi) = Xp,g(a,&,«o,Ui) < oo orx P ,q(b, a, v ,vi) < oo. 

Let 

O^A^B^C^O (1) 

be an exact sequence of Banach complexes, i.e., complexes in the category of Banach 
spaces and bounded linear operators. Sequence ([1]) yields an exact sequence of the 
cohomology spaces 

► H k -\C) £ H k (A) £ H k {B) H k (C) -+ . . . 

with continuous operators d*, tp*, ip* and a semi-exact sequence of the reduced 
cohomology spaces 

► H k ^{C) 3 H k {A) % H k (B) % H k {C) -f . . . (2) 

Under certain conditions, sequence ^ is exact at some terms (see [51 [T51 [IT] ). 
In particular, Gol'dshtein, Kuz'minov, and Shvedov proved the following assertion 
ini: 

Lemma 3. If H k+1 {A) = H k+1 (A) and dimip*(H k (A)) < oo then the sequence 
if (A) % H k (B) ^ H k (C) ^ H k+ \A) is exact. 

As was explained in |12) . we can describe the jth weighted L Pi9 -cohomology 
of an n-dimensional Riemannian manifold M with given weights Oj-i and Oj in 
terms of Banach complexes. To this end, consider an arbitrary sequence tt — 
{po,Pi, ■ ■ ■ ,p n } C [l,oo] with pk-i = p and p k — q and a sequence of positive 
continuous weights a = {ofc})! =0 with the given o~j-\ and <jj. Given a subset 
Ac M, put 

W k (M, A, a) = W Pk , Ph+1 (M,A,a k ,a k+1 ). 

Here we have assumed that p n +i = Pn and <7 n +i = a n . 

Since the exterior differential is a bounded operator d k ~ 1 : W k ~ 1 (M, A, a) — > 
W k (M, A, a), we obtain a Banach complex 

- W%(M, A, a) £ W$(M, A, a) - . . . W£(M, A, a) - 0. (3) 

By the feth L v - cohomology H k (M, A, a) (reduced L^- cohomology H^(M, A, a)) of 
the Riemannian manifold M with respect to A with weight a we mean the cohomol- 
ogy (reduced cohomology) of ©. Thus, H k (M, A, a) = H k kiPk (M, A,a k ^,a k ) 

k k 

and H n (M,A,a) = H pk _ 1 pk (M, A, a k -i, o~ k ) for all k. In particular, 

Hl(M, A, a) = H> iq (M, A, aj-u <*j), K(M, A, a) = H pq (M, A, <j 3 -u<j 3 ). 

Take M — [a,b[, A — {a}, 1 < p,q < oo, 7r = {p, q}, and a pair of weights 
v = { v o, v i}- We have the following exact sequence of Banach complexes: 

-> W£([a, 6[, {a}, v) ± W:([a, b[, v) X H*({a}) -> 0, 
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where H* ({a}) is the complex with the only nontrivial term H°( {a}) = K. LemmaH 
yields the exact sequence 

R = H°({a}) 4 T? M ([a, b[, {a}, v , «i) £ 3^,,([a, 6[, «o, 

Thus, we infer the following assertion, proved for p = q in [lOj . With what has 
been said above, the proof of [TU] extends to the case of p ^ q without change. 

Theorem 2. If vq, v\ are positive continuous junctions on [a,b[, 1 < p < oo, 
1< q < oo, g' = | + jr = 1 ften 

(!) ^ P ,g([a,fc[,wo,vi) = 0; 

(2) ffp )5 ([a,6[,{o},«o,Vl) = if and only if f a v^ q (t)dt = oo or j\%(t)dt < oo; 

(3) IfH p , g ([a, b[, {a}, v 0) Vi) ^ then d:R = H°{{a}) flj iff ([a, 6[, {a}, u , «i) 
is an isomorphism. 

3. L p , g -COHOMOLOGY OF THE WARPED CYLINDER b 

Let y be an orientable manifold of dimension n, C^ b Y = [a,b[x fY. Put Y a = 

{a} x Y. Generally speaking, C ab is a Lipschitz Riemannian manifold in the sense 

of [3] but we will assume for simplicity that dY — to make C^ ab smooth, which 
will be enough for our purposes. 

Suppose that 1 < p < oo and 1 < q < oo. 

In [10 , Gol'dshtein, Kuz'minov, and Shvedov introduced the bilinear mapping 

v : V-\Y) x L>,6[,/f - Zj(C£ 6 y), 

is(p,gdt) = gdt A <£>. In [lOj it was proved that v is continuous and if (p £ Z^ 1 (Y) 
then i/^ = f(<p, •) : Li([a, 6[, /~ — > L p (C[ b Y) induces continuous mappings 

i/;:^([o,&[,/?- i+1 )-^flij(< 6 n 
% : fl p 1 ([a.M,W,/'~ i+1 ) -^^(cj 6 y,y a ). 

Supposing that <p £ Z^ ) ~ x (Y)nZ^~ 1 (Y), we similarly become convinced that the 
mapping v v = v(ip, •) induces continuous mappings 

v% : Hl q ([a,b[J*- j+ \f«- j+1 ) - H^ q (C f aib Y); 

i>; : Hl q ([a,b[,Whf*- j+1 ,f«- j+1 ) - H> M (C f a>b Y,Y a ). 

Now, assume that ip £ (Y) {jp 1 = and w £ L p (C a , b Y). Write ui in the 

form uj = LUA+dtALUg, where u>a, ljb do not contain dt [9]. Following [10] , introduce 
the continuous operator p^ : L p (C[ b Y) — > £p([a, 6[, by the formula 

fi^uj = (^J uj B {t) A ^ dt. 

The following lemma was proved in [TU] for p = g and ^ € V^~ j+1 (y). The 
proof in |10j easily extends to p ^ q: 

Lemma 4. If ip £ D n ~3 +1 (Y) and dip = then p^ induces continuous mappings 
/4 = H L( C L» Y ) "> K !q ([a,b[J*- j+1 ,f*- j+1 ); 

K H H C Z,b Y > Y a) "> b l W> + 
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We have the following theorem partially generalizing item 7 of Theorem 1 in 10J : 

Theorem 3. Suppose that Y is an orientable n- dimensional Riemannian manifold, 

00 < a < b < oo, f : [a,b[—> M is a positive continuous function, 1 < p < oo, 

1 < q < oo. Assume that there exists cp E (Y)nZ^ (Y) such that J y ipAj ^ 
for some form 7 E D n ~i +1 (Y), d'y = 0. 

The following hold. 

(1) ifx P , q (a,b,f*- j+1 ,f%- j+1 ) = 00 then H^ g (C f ajb Y,Y a ) ji 0; 

(2) if x P ,q(a,b,f p~ 3+1 ,f^~ 3+1 ) = 00 and X P ,qQ>, a, / « = 00 then 

Ti,M,b) * and > hence > dh * H L( c ib Y ) = °°- 

Proof. Let <p 6 Z^ 1 (Y) n Z^~ 1 (Y) be a cocycle having the property mentioned 
in the theorem and let 7 £ D n ~ J+1 (M) be a form such that JyipA'y = 1. Then jU* o 
1/* = id, #*oj/* = id [TDJ. Consequently the mappings 1/* : fi^fa, &[, / « 

H m(CI,,,Y) ^d z>; : [a, 6[, {a}, /f"^ 1 , /f - H^ q (C f ab Y, Y a ) are injec- 
tive. 

Suppose that Xp,q( a > b, /* /« = 00. Then, by Theorem [TJ 
££ g ([a, 6[, {a}, 7^ 0. Therefore, ff|, 9 (C£ b , F Q ) ^ 0. 

Assume now that X P ,g(a, 6, /*~ fe+1 , / = 00 and Y p , g (&, a, /? ~ fc+1 , / f ~ J+1 ) 
00. Then, by Theorem[I] H^ q ([a, b[, f*~ j+1 , ^ 0. Since, by Theorem! 

i7p, 9 ([M[,/*~ i+ \/«~ i+1 ) = 0, we have l* t9 ([a,b[, f*~ i+1 ,f*~ i+1 ) 0- Hence, 
T lg( C ib Y ) ¥= °- The theorem is proved. □ 

L Pi9 -Torsion of a Surface of Revolution 

Let M be a surface of revolution in M" +2 , i.e., the (n + l)-dimensional surface 
defined by the equation 

f 2 ( Xl ) = x\ + ■ ■ ■ + x 2 n+2 , (u, . . . , x n+2 ) e M" +2 , Xl > 0, (4) 

where / : [0, oof— > R is a positive smooth function. With the metric induced 
from R n+2 , the manifold M is the product [0, 00 [xS™ with the metric 

gM = (l + f 2 (xi))dxj + f(x 1 )dy 2 , 

where dx\ and dy 2 are the conventional Riemannian metrics on [0, oof and the 
sphere S n . In other words, M may be considered as the warped product [0, 00 fx 
where F = f o G"\ G(x) = /* ^l + f l2 {t)dt. 
In [14], we have proved the following fact: 

Theorem 4. Suppose that f is unbounded, p,q E [1, oof, |— j } < 1 < J < n+1. 
Then T^ q (M) ^ 0. 

Kuz'minov and Shvedov [TO] established that T^(M) is zero for all j , 2 < j < n 
and that, for j — l,n+ 1, the triviality of T^(M) depends on the finiteness of 
some Hardy constants. This is due to the connection between the L p -cohomology 
of the warped product C ab Y and the weighted L p -cohomology of [a, b[ given in 
the mentioned papers [HI [TO] • Above we have shown that there is a connection of 
this type for L Pig -cohomology Namely, by Theorem [3] since S™ is compact and 
the de Rham cohomology H j - 1 (S n ) of S™ is nontrivial if j = l,n+ 1, for T^ q {M) 



Lp, ,-COHOMOLOGY OF WARPED CYLINDERS 7 

(j = 1, n + 1) to be zero, it is necessary that X P , g (0, oo, Fp ~-' + , F~^^ +l ) < oo or 
Xp , q (oo,0,F'- j+1 ,F< < oo. 

The main result of this section is a generalization of Theorems 2 and 2' of [13] 
and is formulated as follows: 

Theorem 5. Lei M be the surface of revolution |4]). Suppose that 1 < p < oo, 
K q < oo, \ - A < j G {l,n+ 1}. IfT^ q (M) = i/ien Hm /(a;) - «W 
volAf < oo. 

Proof. Put k = j — 1. 

We have the following equalities: 

X ^ = y M (0,oo,F?- fc ,Ff- fc ) 

1/P / /-r \ 1/V 



sup 

T>0 



~ = Y M (oo,0,F^ fc ,F?- fc ) 



sup 

T>0 



/•r \ 1/p / poo \ 1/g' 

' f n - kp (twi+f 2 (t)dt) n r^- k)q 'v^+r 2 (t)dtj 



iip>q; 



X ^ = X P ,,(0,oo,Ff- fc ,Ff- fe ) 



q-p 



/ ffiijc) \P~ l roc 

/ wvi +/*(*)*) / r-^wv* +/*(*)* 

WO / •/H(aj) 

g— p 

x f-^- k ^{x)y/T+T*(x)dx) ; (5) 



^ = ^,(00,0,^-',^-') 



/ /- ( t- fe )« (twi + f>i(t)dt) / p- kp {tWi + r 2 (t)dt 

\JH(x) / JO 



x f-^- k)q '(x)^l + f' 2 (x)dxj 

if p < q. Here H(x) is the function inverse to the arc length function G(x) = 
lo Vl + fW)dt. 

The main element in the proof of Theorem [5] is the following lemma which has 
some independent interest. 

Lemma 5. If - — - < 1 < p < oo, 1 < q < oo, < k < n, then the following 
hold: 

(!) */xSL < oo or yff < oo then lim /(t) = 0; 

(2) i/ 2 _ fe < fen = oo; 

(3) S-k>0 tfrenx~ =oo. 
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Proof. Suppose first that p > q. 
Assume that Xp,q < 00 ■ Then 



f n - kp (t)y/l + f*(t)dt < 



(6) 



Since 



r~ kp (t)Vi + f' 2 (t) > f n - kp (t)\f(t)\, 

it follows that the integral 



f n - kp (t)f'(t)dt 



1 lim (/n-kp+i(t) - /«-feP+i( )) if n- fep ,4 -1, 



/(«) 
/(0) 



lim log 

£ — >oo 



if n — /cp = — 1 



(7) 



is finite. 

There appear several possibilities: 

(a) — — k > 0. The above implies that there exists a finite limit lim f(t), which 

is zero by (j^J). 

(b) 2 _ = 0. This is impossible in view of ((6]). 

(c) — i < ^ — k < 0. Then n — /cp + 1 > and f(t) has a finite limit as t — > 00, 
which contradicts (J6]). 

(d) 2 - k = A contradiction to ©. 

(e) ~ — k < — i. In this case, n ~ kp < —1. Hence, lim /(t) = 00. 

Note that, since ± - i < -4r, we have k + 1 > 2±1 + 1 > 2±1 whence 

' q p n+1 ' P 9 

-(2 -%' + ! >0. We infer 



1/9' 



> 



p- kp (t)f(t)dt 



l//< 



1/9' 



> 



n — 1 



(r) 



\n — kp + 1\ 



i//< 



(~ - k)q> + 1 



1/9' 



= c./^-^ +i (r)|i-/-^- 



_ f-(f- fc )'j' + 1 (0)/(f-' £ )'?'- 1 (' T s ll 1 /9' 



(r)| 



(8) 



The last quantity in © is equivalent to C/ » s +1 (t) as t — > 00 and, hence, 
tends to infinity. Therefore, Xp 9 = °°; an( i we obtain a contradiction. 

Thus, if Xn „ < 00 then lim fit) — and - - A; > 0. 

Suppose now that x™ q < 00 ■ Then 



/-(?- fe )«'(i)Vi + /' 2 (t)^< 



(9) 
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and, hence, there exists a finite integral 
/-(?-*>«' (t)/'(t)di 



Um f-^- k) «' + \t)-r ( f- k) «' +1 (0) 



i£-(f-%'^-l, (1Q) 

if-(f -k)q' = -l. 



As in the case \v a < 00 1 we infer that either — — fc < and lim f(t) = or 



( — — fcW > 1 and lim /(t) = 00. In the latter case we have: 



j-(?-fe)9'+l( r )\ W 



n — A;p + 1 



= C supl/T-^+^r)]! - /«- fe f+ 1 (0)/-i:"- fe f+ 1 )(r)| 1 /p}, (11) 

where C = const > 0. Since k < 2±1 — 1 < 2±I, we have n - fcp + 1 > 0, and, 

hence, the last quantity in (TTT|) behaves like C/~p 5 1-1 (r) and, consequently, 
tends to infinity as r — > 00. Hence, = 00; a contradiction. 
Thus, if y2°„ < 00 then lim f(t) = and - — fc < 0. 

We now pass to the case p < q. 

Suppose that Xp q < 00. Then, as above, we have ([6]) and ([7]) and conclude that 
either - — k > and lim = or - - k < — - and lim f(t) = 00. Show that the 

latter case is impossible. By ([5]), we infer 

r H(x) . p-1 



f n - kp (t)f'(t)dt 



H(x) 



f- ( «- k)q '(t)f'(t)dt 

x /-(?- fe )«'(x)Vl + /' 2 (a;)rfa; 
/-(?- fe )9'+ 1 (JJ( a; )) _/-(?-*)«'+ 1 (0) ^ /"- fc P +1 (iJ(a;)) 



q-p 



F -(f-fc)?'+i( s ) _ i?-(?-fe)9'+i(o) F"- fc P +1 (.s) 



9— p 



n — kp + 1 



9— p 



= C / F JV (s)|l-F-(f- fc ^' +1 (0)F(f- fe)9 '- 1 (s)|ds. (12) 
Jo 

Here C = const > and 



N = 



-k)q' + l)(p-l)+n-kp + l 



q in 



q-p 



-kW 



p-l\ q 



q-lj q-p q-1 



f g(P~l) 



_ w 

n - fc + > 0. 
q-p 
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Moreover, (| - k)q' - 1 < 0, since | < ^ < ^±1 < k. Consequently, the 

expression under the last integral in (fT2|) is equivalent to CF n ^ k+ ^p (s), i.e., tends 
to oo as s — > cx) and, thus, the integral does not exist. A contradiction. 

Suppose now that x£° 9 < 00 ■ Then we have and (jTUJ) and infer that, in this 
case, either - - k < and lim f(t) = or q'(- - k) > 1 and lim f(t) — oo. In 

the latter case, we infer 



H(x) 



f n - kp (t)f'(t)dt 



f 



(t)f(t)dt 



H{x) 



j-1 



X/ 



(x)y/l + f' 2 (x)dx 



f n ~ k P +1 {H{x)) - /«-fcp+i(0) 



x/ 



Tl — kp + 1 

-(f-fe)g' 



_(a-fe) g '+l 



p-1 



kp+1 



(0) 



rt — /ep + 1 

= C 



{x)^TTfHx)dx 



p-i 



(s)cLs 



^(s)!! - F n - fcp+1 (0)F-( n - fc P +1 )(s)|ds. (13) 



Here, as above, C = const > 0, A 



Thus, the expression under the integral is equivalent to CF 
to infinity as s — » oo. 

Lemma [5] is completely proved. 



^ > 0, and -(n - kp + 1) < 0. 

n—k+ - 



q — p 



(s), i.e., tends 
□ 



Now, return to the proof of Theorem Suppose that T£ q (M) = for j = 
1 or j = n + 1. Then, by Theorem [31 Xp,<?(0, oo, fp , f* < oo (and, 
hence, / Q °° /<? -i+^W ^Y+J ^)dt_ < oo) 'or Xp , g (oo, 0, < oo 
(and, hence, f o °° (4)^/1 + f l2 (t)dt < oo). By Lemma [5j this implies 
that lim f(t) — and, in both cases, 



volM = 



r(t)y/l + f*(t)dt < OO. 



Here s n stands for the volume of the n-dimensional unit sphere in K ra+1 . 
The theorem is proved. 



□ 



Acknowledgments. The paper was begun in January 2007 during the author's 
research stay at the Institut des Hautes Etudes Scientifiques (IHES) in Bures- 
sur-Yvette. The author would like to thank the Director Professor Jean-Pierre 
Bourguignon for the invitation to visit the IHES and all people at the Institute 
for their warm hospitality. The author also expresses his gratitude to Vladimir 
Gol'dshtcin, Vladimir Kuz'minov, Aleksandr Romanov, and Igor Shvedov for useful 
discussions. 



References 



[1] E. N. Batuev and V. D. Stepanov: Weighted inequalities of Hardy type, Sibirsk. Mat. Zh. 
30 (1989), no. 1, 13-22; English translation in: Siberian Math. J. 30 (1989), no. 1, 8-16. 



L p ,,-COHOMOLOGY OF WARPED CYLINDERS 



11 



[2] J. CHEEGER: On the Hodge theory of Riemannian pscudomanifolds, in "Geometry of the 
Laplace Operator", Proc. Sympos. Pure Math., vol. XXXVI, Amer. Math. Soc, Providence 
(1980), 91-146. 

[3] V. M. Gol'dshtein, V. I. Kuz'minov, and I. A. Shvedov: Differential forms on Lipschitz 

manifolds, Sibirsk. Mat. Zh. 23 (1982), no. 2, 16-30; English translation in: Siberian Math. 

J. 23 (1982), no. 2, 151-161. 
[4] V. M. Gol'dshtein, V. I. Kuz'minov, and I. A. Shvedov: Integration of differential forms 

of the classes W* q , Sibirsk. Mat. Zh. 23 (1982), no. 5, 63-79; English translation in: Siberian 

Math. J. 23 (1982), no. 5, 640-653. 
[5] V. M. Gol'dshtein, V. I. Kuz'minov, and I. A. Shvedov: Wolfe's theorem for differential 

forms of classes W* q , Sibirsk. Mat. Zh. 24 (1983), no. 5, 31-42; English translation in: 

Siberian Math. J. 24, no. 5, 672-681. 
[6] V. M. Gol'dshtein, V. I. Kuz'minov, and I. A. Shvedov: A property of the de Rham 

regularization operator, Sibirsk. Mat. Zh. 25 (1984), no. 2, 104-111; English translation in: 

Siberian Math. J. 25, no. 2, 251-257. 
[7] V. M. Gol'dshtein, V. I. Kuz'minov, and I. A. Shvedov: The integral representation of 

the integral of a differential form, Functional Analysis and Mathematical Physics, Collect. 

Sci. Works, Inst. Mat. Sib. Otd. Akad Nauk SSSR, Novosibirsk, 1985, 53-87 (1985). 
[8] V. M. Gol'dshtein, V. I. Kuz'minov, and I. A. Shvedov: Normal and compact solvability 

of linear operators, Sibirsk. Mat. Zh. 30 (1989), no. 5, 49-59; English translation in: Siberian 

Math. J. 30 (1989), 704-712. 
[9] V. M. Gol'dshtein, V. I. Kuz'minov, and I. A. Shvedov: Reduced L p -cohomology of 

warped cylinders, Sibirsk. Mat. Zh. 31 (1990), no. 5, 10-23; English translation in: Siberian 

Math. J. 31 (1990), no. 5, 716-727. 
[10] V. M. Gol'dshtein, V. I. Kuz'minov, and I. A. Shvedov: Lp-cohomology of warped cylin- 
ders, Sibirsk. Mat. Zh. 31 (1990), no. 6, 55-63; English translation in: Siberian Math. J. 31 

(1990), no. 6, 919-925. 

[11] V. Gol'dshtein and M. Troyanov: The L P9 -cohomology of SOL, Ann. Fac. Sci. Toulouse 
Math. (6) 7 (1998), no. 4, 687-698. 

[12] V. Gol'dshtein and M. Troyanov: Sobolev inequalities for differential forms and L q , p - 
cohomology, J. Geom. Anal. 16 (2006), no. 4, 597-632. 

[13] Ya. A. Kopylov: Some properties of the operator of exterior derivation on surfaces of rev- 
olution and Lp-cohomology, Complex Geometry of Groups, Contemp. Math. 240 (1999), 
247-257. 

[14] Ya. A. Kopylov: L Pi9 -cohomology and normal solvability, Arch. Math. 89 (2007), no. 1, 
87-96. 

[15] Ya. A. Kopylov and V. I. Kuz'minov: Exactness of the cohomology sequence corresponding 
to a short exact sequence of complexes in a semiabelian category, Sib. Adv. Math. 13 (2003), 
no. 3, 72-80. 

[16] V. I. Kuz'minov and I. A. Shvedov: On normal solvability of the operator of exterior deriva- 
tion on warped products, Sibirsk. Mat. Zh. 37 (1996), no. 2, 324-337. English translation in: 
Siberian Math. J. 37 (1996), no. 2, 276-287. 

[17] V.I. Kuz'minov and LA. Shvedov: Homological aspects of the theory of Banach complexes, 
Sibirsk. Mat. Zh. 40 (1999), no. 4, 893-904; English translation in: Siberian Math. J. 40 
(1999), no. 4, 754-763. 

[18] V. G. Maz'yA: Sobolev Spaces, Springer- Verlag, New York, 1985. 

Yaroslav Kopylov 
Sobolev Institute of Mathematics, 
Akademik Koptyug Pr. 4, 
630090, Novosibirsk, Russia 
E-mail address: yakopamath.nsc.ru 



